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The  present  report  was  prepared  by  L.  Landweber  but  is  an  outgrowth 
of  preliminary  drafts  of  two  separate  unpublished  reports,  one  on  loops  of 
cables  and  another  on  towing  cables,  in  which  Mr.  Landweber  and  M.H.  Prot'ter 
collaborated.  The  material  in  both  original  drafts  has  been  amalgamated  into 
a  unified  treatment  and,  in  addition,  tables  have  been  computed  for  solving 
cable  problems.  The  original  treatments  based  solutions  upon  special  charts. 
Figures  2,  3,  and  4  of  the  present  report,  which  give  rapid  solutions  of  some 
cable  problems,  but  are  not  as  accurate  or  as  generally  applicable  as  the 
tables.  The  tables  were  computed  by  the  Technical  Service  Section  under  the 
supervision  of  Mrs.  J.M.  Baker.  The  report  was  checked  by  Dr.  M.A.  Garstens. 
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THE  SHAPE  AND  TENSION  OF  A  LIGHT,  FLEXIBLE  CABLE 
IN  A  UNIFORM  CURRENT 


ABSTRACT  , 

A  general  analysis  is  made  of  the  shape  of  a  cable  in  a  uniform 
♦ 

stream  when  the  weight  of  the  cable  itself  can  be  neglected.  This  approxi¬ 
mation  is  equivalent  to  assuming  that  the  cable  lies  in  a  plane,  but  not  nec¬ 
essarily-  the  vertical  plane.  The  analysis  includes  the  shape  of  a  loop  and 
that  of  a  cable  towing  a  heavy  body  as  special  cas^s. 

A  general  solution  in  dimensionless  form  is  obtained  in  terms  of 
functions  of  the  slopes  of  the  cable  at  the  end  points.  Tables  of  the  func¬ 
tions  are  given.  These  tables  are  applicable  to  the  numerical  solution  of 
any  cable  problem  in  which  the  weight  of  a  cable  can’ be  neglected. 

To  facilitate  the  solution  of  special  problems  of  frequent  occur¬ 
rence,  charts  were  prepared  from  the  tables. 

The  application  of  the  tables  and  charts  to  the  solution  of  prob¬ 
lems  is  illustrated  by  numerical  examples.  In  particular  the  case  of  a  towed 
paravane  with  an  inhaul  line  is  discussed. 

INTRODUCTION 

An  effect  of  the  present  war  has  been  to  multiply  many  times  the 
number  of  devices  designed  for  underwater  towing,  in  connection  with  prob¬ 
lems  in  rainesweeping,  mine  detection,  anti-submarine  warfare,  and  protection 
against  torpedoes.  A  rapid  means  of  determining  the  position  of  a  towed  body 
and  the  tension  in  the  towline  has  become  a  necessity  in  a  great  number  of 
new  problems.  To  meet  this  need,  some  of  the  methods  employed  at  the  David 
Taylor  Model  Basin  are  presented  in  this  report. 

In  the  most  thorough  previous  work  on  towing  cables,  H.  Glauert 
(1 )*  presented  a  series  of  charts  for  solving  problems  on  the  towing  of  a 
heavy  body  in  the  vertical  plane  through  the  towing  point.  In  this  work, 
the  weight  of  the  cable  in  water  was  taken  into  account.  However,  because 
the  tangential  or  frictional  component  of  the  fluid  reaction  upon  the  cable 
was  neglected,  these  charts  have  been  found  inadequate  for  treating  cases  in 
which  a  body  is  towed  through  water  by  a  lohg  line  at  moderate  or  high  speeds. 

A  more  general  treatment  of  a  cable  In  a  uniform  current  when  the 
end  points  of  the  cable  lie  in  the  vertical  plane  through  the  direction  of 
motion  would  consider  the  tangential  component  of  the  fluid  reaction  as  well 
as  the  normal  component  and  the  weight  of  the  cable.  This  case  was  treated 
by  Thews  and  Landweber  {2)  for  a  special  problem. 
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Kutbsrs  in  parentheses  indicate  references  on  page  30  of  this  report. 
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In  the  most  general  case  the  cable  need  not  lie  in  the  vertical 
plane  through  the  direction  of  motion,  but  may  assume  the  3hape  of  a  skew 
curve.  The  shape  of  a  loop  of  cable  supported  in  a  current  from  two  points 
in  the  same  horizontal  plane  is  of  this  nature.  Other  examples  are  the  shape 
of  a  cable  towing  aikite  or  paravane,  and  the  bights  of  inhaul  and  service 
lines  to  a  towed  body.  The  skewness  of  the  cable  curve,  which  usually  makes 
the  analytical  treatment  extremely  complicated,  is  a  consequence  of  the 
weight  of  the  cable. 

The  present  report  considers  the  cases  in  which  the  frictional 
forces  as  well  as  the  normal  forces  are  taken  into  account  in  determining  the 
shape  of  the  cable,  but  the  weight  of  the  cable  is  neglected.  One  problem  of 
this  type,  that  of  determining  the  tension  in  a  light,  symmetrical  loop  of 
cable  towed  through  a  fluid,  was  solved  in  EMB  Report  422  (3).  It  is  pro¬ 
posed  here  to  extend  the  analysis  of  this  report  to  derive  equations  and 
curves  by  means  of  which  any  problem  of  this  type,  involving  towing  cables 
or  loops,  car.  be  treated.  Various  problems  will  be  illustrated  by  numerical 
examples , 

•The  justification  for  the  introduction  of  approximations  in  the 
analysis  of  cable  problems  is  that  the  equations  are  thereby  simplified  and 
that  the  resulting  reduction  in  the  number  of  parameters  reduces  greatly  the 
labor  i-equired  to  prepare  an  adequate  number  of  tables  and  figures.  However, 
in  using  these  approximations,  the  question  as  to  their  validity  frequently 
arises,  so  that  it  is  very  desirable  to  have  a  means  of  estimating  the  mag¬ 
nitude  of  the  errors  involved.  The  approximation  made  most  frequently  con¬ 
sists  of  neglecting  both  the  weight  and  the  frictional  resistance  of  the 
cable.  For  tables  in  a  vertical  plane,  a  method  for  computing  corrections 
for  weight  and  friction  has  been  developed  and  will  be  included  in  a  subse¬ 
quent  report  cn  heavy  cables. 
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ANALYSIS 

As  in  EMB  Report  422  (3),  it  is  assumed  that  the  weight  of  the 
cable  is  negligible  compared  to  its  drag,  so  that  the  cable  may  be  considered 
to  lie  in  a  plane.  Also  the  same  physical  assumptions  are  made,  i.e.,  that 
the  force  per  unit  length  normal  to  the  cable  is  given  by  R  sinp  4>,  where  $ 
is  the  angle  that  the  cable  makes  with  its  direction  of  motion  through  the 
water,  and  R  is  the  force  per  unit  length  when  the  cable  is  normal  to  the 
stream*,  and  that  the  force  per  unit  length  parallel  to  the  cable  is  given 
by  a  constant  F.  The  experimental  basis  for  these  assumptions  is  given  in 
the  aforementioned  report. 
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Figure  1  -  Various  Arrangements  of 
Towed  Cables  and  Forces  Acting 
on  an  Element  of  a  Cable 


Figure  1b  -  Cable  in  Second  Quadrant 


'  Figure  la  shows  the  forces  acting  on  an  element  ds  of  the  Cable  at 

a  point  P,  having  the  coordinates  x,  y  relative  to  rectangular  axes  in  the 
plane  of  the  cable  with  origin  at  one  end  of  the  cable  at  0,  The  x-direction 
is  taken  as  the  direction  of  motion  of  the  cable.  The  ^-direction  is  taken 
as  positive  towards  the  side  of  the  x  axis  on  which  the  cable  lies.  The  ten¬ 
sions  at  0  and  P  are  T0  and  T  respectively.  The  cable  length  from  0  to  P  is 
denoted  by  s.  The  angles  of  the  cable  at  0  and  P  are  <£0  and  4>  respectively, 
measured  from  the  positive  x-direction  towards  the  positive  y-direction.  Fig-, 
ure  la  illustrates  the  case  in  which  the  origin  is  at  the  downstream  end  of 
the  cable  and  the  angles  <f>  are  acute.  Figure  lb  shows  a  case  where  the  origin 
is  at  the  upstream  end  of  the  cable  and  the  angles  4>  are  obtuse.  This  would 
be  the  case  for  a  towed  float  or  anchored  buoy.  An  important  difference  be* 
tween  the  two  cases  is  that  the  tangential  component  F  is  directed  towards  0 


In  the  first  case  and  away  from  0  in  the  second.  Figure  1c  shows  a  loop  of 
cable  where  the  angle  4>  changes  from  obtuse  to  acute  in  passing  from  one  end 
of  the  cable  to  the  other.  Taking  F  as  positive  in  the  direction  of  decreas¬ 
ing  s  and  denoting  its  absolute' value  by  IFI,  the  foregoing  discussion  shows 
that  F  way  be  expressed  as  the  following  function  of  <f>t  \ 

4  F  =  IFi,  0  S  <j>  <  -f 

in 

F  =  -  IFI,  ~  <  <f>  £  jt 

The  element  ds  of  the  cable  at  P  is  in  equilibrium  under  the  action 
oY  the  system  of  forces  comprising  the  force  R  sin2  <j>  ds  normal  to  the  cable, 
the  force  Fds  along  the  cable,  and  the  tensions  T  and  T  f  dT,  shown  in  Figure 
la.  Resolving  these  forces  along  the  cable, 

'  57 m 

Hence,  from  Equations  {1},  T  is  a  linear  function  of  the  cable  length  s,  with 
a  positive  slope  IFi  if  <f>  Is  in  the  first  quadrant,  and  a  negative  slope  -  I F\ 
if  4>  is  in  the  second  quadrant.  A  single  expression  for  this  result  is 

T  =  T0  +Fs  -(F-F0)s0  (31 

where  F0  is  the  value  of  F  corresponding  to  4>0  and  s0  is  the  value  of  s  when 
^  =  tt/2.  Resolving  at  right  angles  to  the  cable 

“  ~  *sin^  *  141 
Eliminating  ds  between  Equations  [2]  and  [4], 

dT  Fa,,, 

-y-  =  -  esc  4>  d<f> 

whence,  integrating 


-  a  p  “  11 


In  this  case  no  difficulty  arises  from  the  discontinuity  in  F,  since  cot  $ 
vanishes  at  <f>  *=  n/2.  Eliminating  T  between  Equations  (4]  and  (51, 
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TABLE  1 

Cable  Functions*  r,  jj,  and  a  against  ^ 


Degrees 

4 

r 

±  4* 

±  a* 

Degrees 

* 

Degrees 

* 

T 

< 

+  n’ 

±  „• 

Degrees 

4 

i.O 
•  1.1 
1.2 

1.3 

1.4 

1.5 

1.6 

!i 

1.9 

2.0 

2.1 

2.2 

2.3 

2.4 

2.5 

2.6 

y 

2.9 

3.0 

3.1 

3.2 

3.3 

3.4 
3-5 
3.6 

U 

3.9 

4.0 

4.1 

4.2 

y 

y 

Si 

4.9 

5.0 

5.1 

5.2 
5-3 
5-4 

n 

5.9 
6.0 
6.1 

6.2 

6.3 

6.4 

iri 

2:2 

6.9 

3.572 

5.15 

2.85 

2.62 

2.44 

2.30 

2.19 

2.10 

2.02 

1.95 

1.890 

1.855 

1.785 

1.740 

1.700 

1.665 

1.632 

1.602 

1  -575 
1.550 

1.528 

\M 

1.469 

1.452 

1.437 

1.422 

1.409 

1.396 

1.384 

1.374 

1.361 

1.349 

1.340 

1.331 

1.323 

1.315 

1.307 

1.300 

1.294 

1.289 

1.281 

1.274 

1.26/ 

1 .261 
1.256 
1.251 
1.247 
1.243 

1.239 

1.235 

1.231 

1.227 

1.223 

1.219 

1.215 

1.211 

1.207 

1.204 

1.201 

114.69 

8i 

m 

59.0 

Si 

Si 

H:S° 

34.1 

32.1 
30.4 
28.8 
27.3 
26,0 
24.8 
23.7 

22.75 

21.80 

20.95 
20.15 

19.40 
18.70 
18.03 

17.40 
16.85 
16.35 

15.83 

m 

14.45 

14,03 

13.64 

13.29 

12.96 
12.63 
12.31 

12.02 

11.74 

11.47 
11.21 

10.96 
10.72 

10.48 
10.25 
10.03 

9.82 

9.62 

9.43 

2:3 

8!?3 

8.56 

8.40 
8.25 
8.10 

I3P 

5.98 

ts 

5.40 

5.25 

5.12 

5.00 

4.89 

tip 

4.60 

4.62 

4.44 
4.37 
4.30 
4.24 
4.19 
4.14 

4.094 

4.04 

m 

u 

3.81 

3.78 

3.75 

3.72 

3.687 

3.65 

3.62 
3.59 
3.56 
3-53 
3.50 
3.47 

3.44 
3.42 

3.403 

3-376 

3.350 

3.324 

3.298 

y.ill 

3.223 

3.198 

3.172 

3.150 

3.129 

3.109 

3.089 

3.070 

3.051 

3.033 

3.015 

!:?8 

115.72 

Si 

74.6 
.66.4 
60.0 

54.6 
50.0 

46.1 

42.8 

40.02 

37.4 

35.1 

33.1 

31.4 

29.8 
28.3 
27.0 

25.8 

24.7 

23.76 

22.8l 

21.96 

21.16 

20.41 

19.70 
19.03 

18. 40 
17.85 

17.35 
16.83 

16.35 
15.89 

15.45 
15.02 
14.63 
14.28 
13.95 
13.62 
13.30 

13.01 

12.73 

12.46 
12.20 
11 .94 

11.70 

11.46 
11.23 
11.00 
10.79 

10.59 

10.40 
10.22 
10.05 

9.87 

9.70 

9-53 

9-37 

9.22 

9.07 

179.0 

"1:1 

}]l:l 

178.3 

178.2 

178.1 

178.0 

177.9 

177.8 

177.7 

177.6 

177.5 

177.4 

177.3 
177-2 

177.1 
i?7.0 

igi 

\]U 

HSi 

176.3 

176.2 

176.1 

176.0 

175.9 

175.8 

175.7 
175-6 

175.5 
175-4 

175.3 
175-2 
175-1 

Ifcf 

174!j 

174.6 

174.5 

174.6 

174.3 

174.2 

174.1 

174.0 

173.9 
173.0 

173.7 
173.6 
173-5 

173.4 

173.3 

173.2 
173.1 

?:? 

1.1 

n 

n 

7.9 
8,0 
8.1 
8.2 

8.3 

8.4 

1:1 

n 

8.9 
9.0 

9.1 

9.2 

9.3 

9.4 

9.5 

9.6 

n 

9.9 

10.0 

10.1 

10.2 

10.3 

10.4 

10.5 

10.6 

10.7 

10.8 

10.9 
11.0 
11.1 
11.2 

11.3 

11.4 

11.5 

11.6 

Yd 

11.9 

12.0 

12.1 

12.2 

12.3 

12.4 

Yd 

Yd 

12.9 

1.198 

1.195 

1.192 
1.189 
1.186 
1.183 
l  .180 

H0 

1.173 

1.171 

1.169 

1.167 

1.165 

1.163 

1.161 

1.159 

1.157 

1.155 

1-153 

1.151 

1.169 

1.147 

1.145 

1.143 

1.141 

1.139 

1-137 

1.136 

1.135 

1.134 

1.132 

1.130 

1.128 

1.127 

1.126 

1.125 

1.124 

1.123 

1.122 

1.121 

1.119 

1.118 

1.117 

1.116 

1.115 

1.114 

1.11 

1.112 

i.m 

1  .no 

1 .109 

1 .108 
1.107 
1.10b 
1.105 
1.UW 
1.103 
1.102 
1.101 

7.^4 

7-32 

7.20 

7.08 

6*Jl 

kit 

m 

1:2  f 
6.18 
6.09 
6.00 

5.91 

5.83 

3:8 

5.60 

m 

5.39 

5.32 

5.25 

5.18 

5.n 

5.05 

4.99 

4.93 

!:i? 

5:11 

4.63 

4.58 

5  -M 

4.43 

4.38 

IM 

4.23 

4.18 
4.13 
4.08 

4.04 

4,00 

3.96 

3.92 
3.88 

3.84 
3.80 
3.76 
3.72 
3.68 

2.963 

2.946 

2.929 

2.913 

!:§? 

2.865 

2.849 

2.834 

2.819 

2.804 

2.889 

2.8/4 

2.860 

2.846 

2.832 

2.719 

2.706 

ik 

2.667 
2.654 
2.641 
2.628 
2.6l6 
2.6o4 
2.592 
2. 580 
2.568 
2.557 
2.546 
2.535 
2.524 
2.513 
2.502 
2.691 
2.480 
2.469 
2.458 
2.448 

2.438 

2.428 

2.4l8 

2.408 

lljS 

d® 

2.358 

2.369 

2.340 

2.331 

2.322 

2.313 

2.304 

m 

m 

2.259 

8.93 

HI 

1:8 

8.28 

8.16 

8.04 

7-7.1 

7.61 

7-51 

7.61 
7-32 
7.22 

j| 

6.78 

6.70 

6.61 
6.54 

6.67 

6.40 
6.33 
6.26 
6.18 
6.11 

6.04 

5.98 

5-92 

5-86  , 

5.80 

5.7J 

5.68 
5.61 
5-55 
5.50 

5.45 

5.40 
5-35 
5-30 
5.25 
5-20 
5.15 
5.10 
5.05 
5-00 

4.96 

4.92 

4,88 

4.84 

4.80 

4.76 

4.72 

4.68 
4,64 
4.59 

173.0 

172.9 
172.8 

172.7 
1/2.6 

172.5 

172.6 
172.3 
1/2.2 

172.1 

172-Q 

171.9 
171.0 

171.7 

171.0 

171.5 

171.6 
171-3 

171.2 

171.1 

171.0 

1 70.9 

170.8 

170.7 

170.6 

170.5 

170.6 

170.3 

170.2 

170.1 

170.0 

511:1 

ity 

169.5 

109.4 

169.3 

169.2 

169.1 

169.0 

168.3 

168.8 

168.7 

168.0 

168.5 

168.6 

168.3 

168.2 
168.1 

168.0 

ity 

ity 

!8i 

167.3 
167.2 
167.1 

f 
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TABLE  1  (continued) 


Degrees 

* 

T 

i 

±  jj* 

±  0* 

Degrees 

<t> 

Degree! 

* 

> 

V 

< 

±  n* 

±  o' 

Degrees 

10 

11 

12 

13 

14 

15 

16 

"a 

19 

20 

21 

22 

23 

24 

25 

26 

a 

2S 

30 

31 

32 

33 

34 

It 

II 

39 

40 

41 

42 

43 

44 

a 

49 

- 

1.134: 
1.1211 
1.1102 
1.101C 
1 .0932 

1 .0865 
1 ,o8ot 
1 .0754 
1 .0708 
I.O667 

1 .0630 
1.0596 
1 .0565 
1  .0538 
1.0512 

1.0488 
1.0466 
1 .0446 
1.0427 
1.0409 

1.0392 
1.0377 
1 .0362 
1.0348 

1 .0335 
1.0322 
1.05H 

1 .0249 

1 .0289 

1 .02/8 

1.0268 

1 .0259 

1 .0250 

1 .0241 
1.0233 

1 .0225 
1.021/ 
.0209 
.0202 
1.0195 

5.109< 

!:8S 

3.641 j 
3.299c 

3.005c 

2.750C 

2.5261 

2.3285 

2.1525 

1 .9953 
1 .8537 
1.7258 
1 .6096 
1.50,.. 
1  .V065 

I:S5 

1.0242 

O.9636 

0.5071 

O.8542 

0.8048 

0.7584 

0.7149 

0.6740 

0.6356 

0.5994 

0.5653 

0.5330 

0.5024 

0.4735 

0.4461 

0.4201 

0.3956 

0.3722 

0.3501 

0.3291 

2.546? 

2.4382 

2.3401 

2.2506 

2.1687 

2.0927 

2.0220 

i® 

1  .8346 

1*7789 

1 .7261 
1 .6757 

1 .6274 
1.5814 

I3B 

1.453? 
1 .4144 
1.3763 

1.3395 

1.3037 

1 .2691 

1 ‘.II2I 

I.I709 

1 .1400 

1 .1096 

1 .0801 
1.0513 

1 .0231 

m 

0.9422 
0.91 6i 

0.8907 

0,8657 

0.84n 

0.8169 

0.7931 

6.043' 

5.449: 

4.1945 

3.890] 

3.6257 

3.3526 

3.1851 

2-9997 

2.8328 
2.6820 
2.5443 
2.4188 
2.3031 
2.1965 
2.0979 
2.0057 
1.9206 
1 .8396 

1.7658 

1.6952 

1.6290 

1.5665 

1.5071 

1 .4508 

mi 

i .2983 

1.251$ 

1 .2074 
1.1651 

1 .1246 
l .0854 

1 .0476 

.0112 

O.9761 

0-9423 

0.9°?5 

5.8760 

)  170 
ill 

167 

166 

165 

164 

163 

162 

l6l 

l6o 

ill 

ill 

ill 

153 

152 

151 

ill 

ilf 

146 

18 

143 

142 

141 

140 

15? 

138 

ill 

ill 

133 

132 

131 

50 

51 

52 

53 

54 

11 

58 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 
!\ 

74 

}\ 

78 

79 

80 

81 

82 

P 

84 

85 

86 

87 

88 

89 

90 

1.0186 
1 .0182 
1.0175 

1.0165 

1.0163 

1.0157 
1.0151 
1 .0145 
1 .0140 
1 .01 34 

V.G129 
1.0124 
1.0119 
1 .0114 

1.0109 

1.0104 

1.0099 

1.0095 

1.0090 

1.0086 

1 . 0C3i 
1.00?/ 
1.0073 
i.0068 
1.0064 

1.0060 

1.0056 

1.0051 

1 .0047 
1.0043 

1.0039 

1.0035 

1 .0031 
1.0027 
1.0023 

1 .0019 
.0016 
.0012 
.0008 
1.0004 
1.0000 

0.3091 

0.2902 

0.2720 

0.2550 

0.2385 

0.2230 

0.2082 

0.1942 

0.1808 

6.1685 

O.156O 

0.1445 

0.1336 

0.1232 

0,1134 

0.10410 

0.09523 

0.08691 

O.07897 

0.07155 

0.06452 

0.05790 

0.05170 

c. 04589 

0.04045 

0.03540 

0.03072 

0.02640 

0.02241 

0.01877 

0.01 546 
0.01249 
0.00984 
0.00751 
0.00551 
0.00393 

0.00244 
0.00137 
0. 00061 
0.00015 

0 

0.7697 

0.7467 

0.7240 

0.7016 

O.6794 

O.6578 

0.6362 

O.6150 

0.5941 

0-5733 

0-5527 

0.5324 

0.5123 

0.4924 

O.4727 

0.4532 

0.4338 

0.4146 

0.3954 

0.3765 

0.3577 

0.3391 

0.3206 

0.3021 

0.2838 

0.2656 

0.2475 

0.2295 

0.2115 

0.1936 

olilfl 

0.1403 

0.1227 

0.1051 

0.08747 
0.06990 
D. 05240 
D. 03488 
o.oi  743 

0 

0.8465 

0.8168 

0.7880 

0.7596- 

0.7322 

O.7056 

0.6795 

0.6539 

0.6292 

0.6048 

0.5810 

0.557§ 

0.5346 

0.5121 

0.%01 

0.4685 

0,4473 

0.4265 

0,4059 

0.3856 

0.3655 

0.3456 

0.3263 

O.3065 

O.2876 

0.2637 

0.2502 

0.2313 

0.212$ 

0.1949 

0.1769 

0.1589 

0.1409 

0.1229 

0.1050 

o!o52S$ 
0.0348a 
0.01 746 

0 

.  130 

129 

128 

127 

126 

125 

124 

123 

122 

121 

120 

119 

118 

iil 

111 

113 

112 
in 

no 

109 

108 

107 

106 

105 

104 

103 

102 

101 

ICO 

II 

II 

>*7  95 

94 
{>1  93- 
3  92 

91 

90 

*  »?  and 

»  are  negative 

for  values  of  <t>  between  90  and  180  de 

jrees. 

If  the  notation  r0  =  t{^0),  $0  =  ^(0O),  etc., 
(9]»  D0]»  and  (6aj  may  be  written  as 


\ 

is  introduced.  Equations  [5], 


T_  _  r 

T0  To  n  5] 

E£  =  I  -  In 

To  r0 


[16] 


.J 


RjL 

n 

Rb 


Jk 


0-0 A 


mi 


[181 


‘o  'o 

Equations  [11]  tcf.  [14]  define  the  cable  functions  r{F/R,<j>),  4(F/R,0),  ij{,F/R,4>) 
and  o{F/R,<t>)  where  <f>  may  vary  from  0  to  180  degrees  and  F/R  assumes  the  corre¬ 
sponding  values  given  by  Equation  [1],  By  direct  substitution  it  may  be  shown 
that 


r(180  -  0) 
4U80-*) 
1}  (180  -  0) 


T(0) 

4(0) 


»?(0) 


o  (180  -  0)  =  -  o(4>) 


[193 

[201 

[21) 

[22) 


To  facilitate  the  solution  of  problems.  Table  1  was  compiled.  This 
table  gives  values  of  the  cable  functions  for  values  of  0  from  0  to  90  de¬ 
grees  for  R/\F\-  45.  The  values  were  first  computed  for  0=1,  2,  3,...90 
degrees.  The  intermediate  values  shown  in  the  table,  for  <f>  between  1  degree 
and  1?  degrees,  were  interpolated  from  curves  of  the  functions  on  log-log 
paper.  This  value  of  fi/|Fiwas  chosen  as  a  mean  from  data  in  TMB  Report  R-31 
(4).  The  calculatio/i  of  r  and  a  offers  no  difficulty.  4  and  >7  could  be  eval¬ 
uated  by  numerical  integration  but  were,  in  fact,  computed  by  expanding  the 
integrands  into  infinite  series  and  integrating  term  by  term.  The  series  em¬ 
ployed  are  given  in  the  Appendix. 

For  problems  in  which  the  angles  0  and  0O  lie  in  the  range  between 
45  degrees  and  135  degrees,  a  negligible  error  is  introduced  by  neglecting 
the  tangential  component  of  the  fluid  reaction.  Putting  F/R  =  0  in  Equations 
[11 J  to  [ 1 4 ]  the  cable  functions  become 

[Ha] 


T  *=  1 


4  =  CSC  0  —  1 


In  cot 


[12a] 

[13a] 


Setting  F/R  =  0  J.n  Equation  [ 1 4 ]  the  indeterminate  form  0/0  is  obtained. 
Evaluating  this  by  L’Hospital’s  rule, 


lim  R 
F+.  0 


-  1  D  dr  .. 

— —  —  lim  R  j=  **  hm  cot0  eK 
r  0  0 


/ 1 

41 


sfi 

li 


WWW.-, . . . . . . . 
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or 


o  **  cot  4> 


[14a]  ' 


SPECIAL  CHARTS 

By  means  of  Table  1  any  cable  problem  in  which  the  cable  weight  may 
be  neglected  can  be  solved-.  There  are  several  special  towed-body  problems, 
'however,  for  which  a  rapid  graphical  solution  is  desirable.  For  this  purpose 
the  graphs  shown  in  Figures  2  and  3  were  constructed.  They  were  obtained  in 
the  following  manner: 


From  Equations  [16],  [17],  and  [18] 

- 

*  £  “  In 

8  a  -  o0 

123] 

v  1  -  n0 

s  0  -  a0 

m 

Consider  Equations  [18]  and  [23].  These  equations  express  Rs/T0  and  x/s  as 
functions  of  $  and  ^0,  so  that  for  a  fixed  value  of  $0  corresponding  values 
of  Rs/T  and  x/s  against  <f>  may  be  computed  from  Table  1 .  These  values  can 
then  be  plotted  as  a  series  of  contour  curves  of  x/s  against  Rs/T0  for  vari¬ 
ous  values  of  <j>0.  From  this  set  of  curves  a  table  of  values  of  Rs/T0  against 
4>0  for  various  fixed  values  of  x/s  can  be  made.  Hence,  corresponding  values 
of  (T0/Rs)  cos  </>0  and  (T0/Rs)  sin  <j>0  can  be  tabulated  for  various  fixed  values 
of  x/s  and  plotted  as  a  contour  curve  of  x/s.  If  a  body  of  lift  L0  and  drag 
D0  is  being  towed,  the  following  relations  may  be  written 


Do 
‘  Rs 


125] 


S7  ~  (26‘ 

Figure  2,  which  gives  curves  of  L0/Rs  against  D0/Rs  for  various  values  of  x/s, 
was  obtained  in  this  manner.  The  range  of  the  chart  was  restricted  by  using 
only  acute  angles  for  <f>  and  0O,  so  that  the  chart  applies  essentially  to 
towed-body  problems  with  origin  at  the  towed  body.  Figure  3,  which  gives 
curves  of  L0/Rs  against-  D^Rs  for  various  values  of  y/s,  was  obtained  in  a 
similar  manner  and  is  subject  to  the  same  restrictions. 

Another  special  chart  which  it  was  considered  desirable  to  have  is 
one  relating  the  tension  and  principal  dimensions  of  a  towed  loop.  In  this 
case  <f>0  is  an  obtuse  angle,  and  4>  is  an  acute  angle,  as  shown  in  Figure  1c. 
The  desired  chart  is  obtained  in  the  following  manner.. 


2>ir 


TO 


o.ot 


Figure  2  -  Dimensionless  Curves  for  a  Towing  Cable;  Contours  of  x/s 
From  Equations  {16}  and  [173 

[273 


x 

T 


n  -  n0 

From  Equations  [24],  and  [273  a  table  of  values  of  Ry/T0,  y/s  and  x/y 

against  >p  can  be  prepared  from  Table  1  for'  a  fixed  value  of  0O,  Choosing  the 
series  of  values  x/y  **  0,  -0.2,  -0.4,  -0.6,  and  -0.8,  corresponding  values  of 
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Pigure  4  -  Dimensionless  Curves  of  Lift  and  Tension  at  the  Forward  Towpo  n 
6  of  an  Asymmetrical  Loop  of  Cable 

Ry  d  Ry 
L0  =  T0  sin  4>q 

an  be  computed  from  the  foresting  tabulations  of  corresponding  values  of 
•v/T  v/s  and  4>0.  If  hjRy  is  plotted  against  y/s  for  values  of  x/y  from 
f-o'-a!  all  the  points  ale  found  to  He  close  to  a  single  curve.  This  curve 

,s  plotted  in  Figure  4. 


EXAMPLES 


Solutions  of  problems  are  based  upon  Equations  [15]  to  [18]  and  . 
Table  1 .  These  equations  are  in  dimensionless  form  with  0  anc}  0O  as  independ¬ 
ent  variables  whose  values  determine  a  dimensionless  solution.  More  generally, 

however,  a  dimensionless  solution  is  determined  by  other  given  quantities  when 

* 

they  can  be  combined  into  two  independent  dimensionless  products  which  are 
themselves  expressible  as  functions  of  0  and  0O.  For  these  latter  functions 
can  then  be  solved  for  0  and  0O.  These  remarks  will  be  clarified  by  the  fol- 

1 

lowing  examples. 

The  examples  are  grouped  by  the  procedure  for  solution  rather  than 
by  thei-p  applications.  The  simplest  case,  where  both  0  and  0-o  are  given,  is 
discussed  in  the  first  group.  The  second  group  consists  of  examples  in  which 
either  0  or  0O  is  given  initially.  In  the  third  group  of  problems  neither  0 
nor  00  is  given  initially.  The  final  example  is  a  study  of  the  effect  of  the 
inhaul  line  upon  the  position  of  a  paravane.  ' 

1 

GROUP  A:  0  and  0O  are  given. 

Example  1:  0,  0O,  T0,  and  s  are  prescribed.* 

A  body  whose  weight  in  water  is  TOO  pounds  and  whose  drag  is  200 
pounds  is  towed  through  water  by  a  towline  500  feet  in  length  from  a  point 
10  feet  above  the  water  surface.  The  angle  of  the  cable  with  the  horizontal 
at  the  ship  is  5  degrees.  It  is  required  to  determine  the  position  of  the 
towed  body,  and  the  values  of  R  and  T.  The  cable  is  assumed  to  lie  in  a  ver¬ 
tical  plane. 

We  have 

T0  =  ^(1 00 )*  +  (200 )5  =  225-6  pounds 
and 

0O=  tan~1-^-=  2 6.6  degrees 

Hence  from  Table  1  the  following  corresponding  values  are  obtained: 


4> 

Degrees 

T 

1 

V 

a 

5.0 

1.289 

12.02 

3.40 

13.01 

26.6 

1.045 

T  .27 

1.47 

2.04 

For  very  long  lengths  of  sire  rope  towed  in  the  vertical  plane  through  the  direction  of  motion,  as  in 
Examples  1,  2,  and  3,  the  weight  of  the  cable  cannot  be  safely  neglected.  A  report  on  methods  of  solving 
problems  with  allowance  for  the  weight  of  the  cable  is  in  preparation.  This  restriction  doss  not  apply 
when  the  towing  plane  (the  plane  of  the  direction  of  motion  and  the  overall  cisord  of  the  towline)  deviates 
appreciably  from  the  vertical,  or  in  any  case  witen  a  light  lino  such  as  sanila  rope  is  employed. 
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Since  the  towline  subtends  an  angle  of  5  degrees  from  a  point  10 
feet  above  the  water  surface,  the  length  of  cable  out  of  the  water  is 
.10  esc  <f>  -  115  feet  and  its  horizontal  projection  is  1l4  feet.  Hence  the 
immersed  length  of  cable,  s,  is  385  feet. 

From  Equations  .[153  to  [ 1 8 ]  we  now  have 

'  ■  =  i^s  =  w$x  385  s  5?8  feet 

y  =  -  T5tfr  *  385  =  68  feet 

R  »  -  g0)  g  =  gj0  Pounds  Per  f00t 

T  =  ~Tq  |^|||  x  223.6  =  275  pounds 

The  distance  of  the  body  aft  of  the  towpomt  is  378  +  114  *=  492  feet. 

GROUP  B:  4>  or  <t>0  is  given. 

Example  2:  T0,  <j>0,  R,  and  s  are  prescribed. 

A  body  whose  weight  is  100  pounds  and  whose  drag  is  200  pounds  is 
towed  through  water  by  a  towline  300  feet  in  length  from  a  point  at  the  water 
surface.  The  value  R  =  15  pounds  per  foot  is  given.  It  is  required  to  find 
the  position  of  the  body  and  the  tension  in  the  cable  at  the  forward  end. 

As  in  Example  1 ,  T0  =  223.6  pounds,  <t>0  =  26.6  degrees,  t0  «=  1.045, 
and  c0  =  2.04.  But  from  Equation  [18] 

g  =  g0  +  ^  r0  =  2.04  +  ^23  JQ-°  x  1  .045  =  23.1 

* 

The  following  corresponding  values  are  now  obtained  from  Table  1 


a 

V 

T 

* 

Degrees 

23.1 

4.04 

22.0 

1.51 

3.07 

2.04 

1-47 

1.27 

1 .045 

26.6 

where  the  values  in  the  second  row  are  repeated  from  Example  1 .  Hence 

*  =  4-4*- «  =  IW  *  200  =  2^4  feet 
a  ~  a0  ^1 .1 

y  -  ~^-8  =  x  300  =  36.6  feet 

T  »  4ro  -  TTO^  x  225,6  =  323  pounds 
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Figures  2  and  3  are  designed  to  give  rapid  solutions  to  problems  of 
this  type.  In  the  present  case  -  T^~x~3~00  =  °*0222  and  jgj  =  0.0444.  Plot¬ 
ting  this  point  in  the  figures,  the  values  x/$  =  0.99  and  y/s  0.125,  are 
obtained.  Hence  x  =  297  feet  and  y  =  37*5  feet. 

* 

Example  3:  T0,  </>0 ,  /?,  and  s  4  10  esc  <j>  are  given. 

Suppose  in  Example  2  that  a  500-foot  towline  is  streamed  from  a 
point  10  feet  above  the  water  surface.  In  this  case  the  immersed  length  s  of 
/the  cable  is  unknown  but  is  related  to  the  angle  of  the  cable  at  the  surface 
by  the  relation 

s  4  10  esc#  =  500 

Hence,  from  Equation  [18] 

o=o0  +  ~Ar0  •  2.04  +  '15.-|J.^045  {500  _  1Q  csc^} 

or  1 

a  4  0.701  esc#  =  37.0 

This  can  be  solved  by  tabulation  as  follows:  •  . 


<t> 

Degrees 

<7 

0.701  CSC  # 

<T  4  0.701  CSC  <f> 

4 

16.83 

10.05 

26.88' 

3 

23.76 

13.41 

57-17 

Hence  #  =  3.01  degrees,  r  =  1.525,  £  =  22.7,  n  =  4.08,  a  -  23.7,  and  s  = 

500  -  191  =  309  feet.  Continuing  as  in  the  previous  examples,  j 

*  -  if:| :  Ifd * **  -  *>5  *»«*  •  j 

v  -  x  309  •  37-3  feet 

T  =  TT0I5  x  223,6  =  326  P°un0s 

Example  4:  R,  s,  T,  and  #  are  given. 

It  is  required  to  determine  the  lift  and  drag  of  a  towed  body  from 
measurements  of  the  tension  and  angle  of  the  towing  cable  at  the  forward  end. 

This  method  is  frequently  used  to  determine  the  characteristics  of  a  towed 
body . 

Suppose  the  body  is  towed  by  a  20-foot  length -of  cable  from  a  point 
3  feet  above  the  water  surface,  and  that  the  measured  values  are  T  =  500 
pounds  and  #  «  50  degrees.  The  value  R  -  4  pounds  per  foot  will  be  assumed. 


i 
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The  immersed  length  of  towline,  s,  is 

«  *  20  -  3.0  csc^  *=  20  -  3.92  *  16.08  feet 

Also,  from  Table-  1,  corresponding  to  <t>  «  50  degrees, 

r  n  1.019.  $  =  0.309,  v  =  0.770,  v  *  0,847 
* 

But  from  Equations  [15]  and  [18], 

°o  =  d  -  To  T1  s  g  °  0.847  -  x jjj0x--^°8-  =  0.716 


Hence,  from  Table  1 , 


<f>0  “  54.63  degrees,  r0  =  1 .01 6 


Hence,  the  lift  is 


T0  =  x  500  =  499  pounds 


L  «  T0  sin^0  *  499  x  O.815  =  406  pounds 


D  =  T0cos<j>0  *»  499  x  0.579  =  288  pounds 

It  is  frequently  required  to  determine  the  length  of  cable  neces¬ 
sary  to  tow  a  given  body  at  a  given  depth.  Since  the  procedure  is  the  same 
as  in  Examples  2  and  3  except  that  jj  is  determined  first,  rather  than  a,  this 
case  will  not  be  illustrated. 


Example  5:  4>0,  y,  «,  and  T/R2  are  given. 

A  body  whose  lift-drag  ratio  is  4.0  is  to  be  towed  through  water  at 
a  speed  of  20  knots  at  a  depth  of  200  feet  by  a  towline  400  feet  in  length. 

It  is  required  to  find  the  smallest  size  of  cable  and  the  lift  and  drag  of 
the  body. 

It  will  be  assumed  that  high-grade  galvanized  plow-steel  wire  rope 
of  6  x  19  construction  is  used.  The  breaking  strength  of  this  wire  is  approx¬ 
imately  80,000  d2  pounds,  where  d  is  the  diameter  of  the  cable  in  inches.  A 
safety  factor  of  4.0  will  be  used  so  that  the  maximum  permissible  tension  at 
the  forward  end  of  the  cable  is  T  =  20,000  d 2  pounds. 

..  It  will  be  assumed,  further,  that  R  =  0.35^^,  where  V  is  the  towing 
speed  in  knots.  Hence,  In  the  present  case, 

R  -  l4od  pounds  per  foot  [28] 
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Eliminating  d  between  this  relation  and  T=  20,000  d 2  we  obtain 

T  -  1 ,020 R* 


1293 


Prom  the  given  data,  =  tan  4  *  76.0  degrees  and  y/s  =  0.500, 
From  TaDle  1 , 


,  r0  s',1  .006,  =  0.0307,  7?0  *  0.2475,  =  0.2502 


gence 


0.500 


_  n  -  n0  n  -  0.2475 

"  o  -  a0  '  c  -  O.2502 


This  is  an  equation  for  4>  which-  may.  be  solved  in  various  ways.  Besides  the 
tabular  solution  which  will  be  used  here,  a  simple  graphical  method  will  be 
discussed  in  the  following  section.  To  obtain  the  solution  it  is  first  noted 
by  examining  the  tj  and  <t  columns  in  Table  1,  that  the  solution  must  lie  between 
4>  “  14  and  <6=15  degrees.  The  following  values  are  then  tabulated: 


4> 

Degrees 

n 

a 

tj  -  0.248 

a  *•  0.250 

y 

s 

14 

2.169 

4.195 

1.921 

3.945 

0.487 

15 

2.093 

3.891 

1.845 

3.641 

0.506 

Hence  by  linear  interpolation  from  the  y/s  column,  the  value  of  <f>  for  y/s  = 
0.500  is  4>  -  14.68  degrees,  and  from  Table  1 

T  —  1 .088,  |  =  3.10,  1 ?  =  2.11,  a  =  3.98 

From  Equations  [15]  and  [ 1 8 ] 

*£  .  ILL  Ll  »  g.  -.£g.  Zsl  „  SL~..Ps 

T  Ta  T  r  r 


Hence 


R  =  -  0.00858 


T  “  400  x  1.0E 
and  substituting  for  T  from  Equation  [29} 

R  -  O.OO858  x  1.020 R2,  or  R  =  114  pounds  per  foot 
Hence,  from  Equation  [28] 


[50] 


Also  from  Equation  [30] 


d  =  =  0.8l  inch 


R 


T  =  0._00858  =  ‘,3’280  P°unds 

ro  =  *  13,280  x  =  12,280  pounds 


1° 


Hence 

and 


L  a  rosin^0  =  12,280  X  0.9703  *  11,910  pounds 
»  D  =  T0  cos  if>0  =  2978  pounds 


METHOD  FOR  DETERMINING  <t>  (OR  <t>0)  WHEN  <j>n  (OR  <f>)  AND  ONE 
OF  THE  RATIOS  x/s,  y/s,  AND  x/y  IS  GIVEN 

A  case  where  <f>Q  and  y/s  are  given  was  solved  by  tabulation  in  the 
previous  example.  Problems  of  this  type  can  also  be  solved  by  a  simple  graph¬ 
ical  procedure.  To  obtain  a  comparison  between  the  two  methods  the  same  ex- 
N>  ample  will  be  solved  graphically.  . 

Rewriting  Equation  [  24] 

=  1.  [24] 

a  ~  o0  s 

Since  <f>0  is  given,  then  and  o0  are  known.  Also  suppose  y/s  to 
be  given.  Now  consider  rj  and  o  as  the  coordinates  of  a  point  in  a  rectangu¬ 
lar  coordinate  system,  with  y  as  ordinate  and  0  as  abscissa.  Equation  [24] 
is  the  equation  of  a  straight  line  of  slope  y/s,  passing  through  the  point 
(t)q,  a0).  But  q  is  a  function  of  a  which  may  be  plotted  as  a  curve  on  the 
same  graph  from  the  values  in  Table  1 .  The  intersection  of  the  straight  line 
with  the  curve  gives  the  required  solution.  The  same  method  is  applicable 
for  either  angle  and  any  of  the  ratios. 

Curves  of  4  and  a  against  i?  are  given  in  Figure  5.  The  correspond¬ 
ing  <f>  values  are  marked  along  the  curves.  To  illustrate  the  procedure,  sup¬ 
pose  y/s  =  0.5  and  <t> o  =  76.O  degrees,  as  in  the  previous  example.  The  line 
of  slope  0.5  through  the  point  corresponding  to  76. 0  degrees  on  the  {77,  <7) 
curve  intersects  it  again  at  the  point  <j>  =  14.7  degrees. 

The  curve  of  77  againBt  4  in  Figure  5  is  °f  particular  interest  be¬ 
cause  it  shows  directly  the  shape  of  a  cable  in  terms  of  dimensionless  coor¬ 
dinates.  Indeed  the  Indicated  angles  give  the  slope  of  the  curve  at  a  point. 
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All  the  examples  considered  heretofore  have  involved  a  towed  body, 
and  the  angle  4>0  has  been  acute.  The  case  of  a  loop  in  a  stream  will  now  be 
considered. 

Example  6:  R,  s,  y,  and  <t>0  are  prescribed. 

Suppose  R  -  10  pounds  per  foot,  s  =  100  feet,  y  *=  25  feet,  arid  <f>0  = 
135  degrees.  It  is  required  to  find  %  and  the  tensions  at  the  end  points. 


:: 

! 


j 

i 


t 

I 
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Prom  Table  1,  corresponding  to  0O  -  135  degrees, 

t0  «  1.023,  $0  *  0.420,  n6  =  -  0.891,  a0  *  -  1.011 
Substituting  these  values  into  Equation  (24],  we  obtain 


»  if  =  a  oca 

c  +  1 .011  u*°° 

This  will  be  solved  by  tabulation. 


o  +  1 .011 


0 

Degrees 

T]  +  0.891 

ff  +  1 .011 

3.0 

4.985 

24.78 

4.0 

,4.577 

17.85 

3.0 

4.294 

14.03 

0.201 
0.256  . 
0..306 


Hence  0  e  3.87  degrees,  and  from  Table  1 

T  *  1.385,  *  «  16.45,  q  «.  3.12,  a  =  17.45 
Then,  from  Equation  [ 1 8 ] , 

m  _  #sr0  10  x  100  x  1  .023  —  .. 

To  "  - TO6 -  "  55.4  pounds 

and 

Taf/o*  TtoS  x  55‘4  =  75*°  pounds 

Also,  from  Equation  1 16] 

*  =  JDl  IzJfi  =  SftJ*..*.  16,03  c  87  feet 

*  X  t0  10  x  1.023  '  ie  Z 

GROUP  C:  Neither  0  nor  0O  is  given. 

Example  1:  x,  y,  s,  and#  are  given. 

It  is  required  to  determine  the  tensions  and  angles  at  the  end 
points  of  a  cable  when  their  relative  positions  and  the  value  of  R  are  given. 

Suppose  *  a  -10  feet,  y  =  100  feet,  s  =  200  feet,  and  R  =  50  pounds 
per  foot.  Then,  from  Equations  [23]  and  [24] 

4— a=  -  0.050 


1 1  -  0.500 

ft  **  /T  _ 


To  determine  0  and  0O  it  is  necessary  to  solve  these  equations  simultaneously. 
The  solution  will  be  obtained  by'  tabulation.  Values  of  0  corresponding  to 


J. 
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f 


successive  values  of  4>0  will  be  obtained  from  Equation  [2], 


trials  may  be  necessary, 
determined. 


The  corresponding  values  of 


i-ic 


A  number  of 
will  then  be 


*0 

Degrees 

<0 

D 

4> 

D 

D 

SB 

SB 

* 

\ 

O 

tm 

EBBf 

1 68 

4.04 

2.25 

4.55 

m 

9.51 

0.482 

2.17 

4.19 

IB 

9-15 

0.493 

2.09 

ON 

CO 

KN 

8.85 

0.501 

2.10 

3-93 

Hi 

8.89 

0.500 

3.04 

-1.00 

-0.112 

167 

3.64 

m 

9.10 

1||| 

EH 

8J4 

WSm 

r 

2.22 

4.41 

l  l 

8.96 

3.50 

-0.14 

-0.016 

167.35* 

3.76 

-2.28 

-4.69 

13 

4.53 

9.24 

0.490 

14 

* 

4.45 

8.88 

Final 

Solution 

13.9 

8.89 

■ 

3.33 

-0.43 

-0.049 

£ 

The  value  of 

*.  for  7 

=  -0.05 

is  obtained  by  linear  interpolation  in 

the  column  for 

L-Jsl 

Hence 


<f>Q  -  167.4  degrees,  <f>  ~  13.9  degrees 


o0  =  -  4.70,  r0  *  1.104;  a  =  4.20,  r  =  1.094 
Then,  from  Equation  [  1 8 ] 


and 


Rst0  _  50  X  200  X  1 .104 

a  -  <70  8.90 


=  1240  pounds 


Also 


T  =  — -  T0  =  X  1240  =  1230  pounds 


L0  =  T0  sin <t>0  =  1240  x  0.2l8l  =  271  pounds 


Figure  4  was  designed  for  the  rapid  solution  of  problems  of  this 
type.  Thus,  entering  the  values  x/y  =  -0.10  and  y/s  -  0.500,  then  Ry/T0  = 
4.05  and  L0/Ry  ~  0.052.  Hence 


To  =  5-V;o5QP  =  1255  pounds 


and 


L0  =  0.052  x  50  x  100  =  260  pounds 
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Example  8:  x  +  10  cot  4>>  y>  s  +  10  esc  <j>,  and  R  are  given. 

Suppose  a  1 80-foot  length  of  cable  to  extend  from  a  height  10  feet 
above  the  water  surface  to  a  point  115  feet  downstream  and  30  feet  deep;  sup¬ 
pose  R  =  60  pounds  per  foot.  It  is  required  to  find  the  tensions  and  angles 
at  the  end  points,. 

Let  x,  y,  and  s  be  the  coordinates  and  cable  length  at  the -water 
-surface,  relative  to  the  lower  end  of  the  cable.  Then,  if  4>  is  the  cable 
angle  at  the  surface,  we  have  the  relations 

z  =  11 5  -  10  eot^  feet 

s  =  l80  -  10  csc<f>  feet 

Hence,  from  Equations  [24]  and  [27] 


=  3.833 

V  Vo 


0.333  cot^ 


V  ~  V0 


0.333  esc  <t> 


Equations  [31]  and  [32]  are  to  be  solved  simultaneously  for  <f>  and 
<f>Q.  This  will  be  done  graphically.  Corresponding  to  an  assumed  value  for  <f> 
the  right-hand  members  of  Equations  [31]  and  [32]  can  be  calculated.  The  equa¬ 
tions  can  then  be  plotted  as  straight  lines  of  £0  against  r?0  and  a0  against 
r)0  on  Figure  5»  to  obtain  values  of  <f>0.  The  values  of  <f>0  against  <f>  from  the 
two  equations  are  plotted  in  Figure  6.  The  intersection  of  the  two  curves 
gives  the  solution  <f>  =  6,17  degrees,  <fi0  =  170.0  degrees.  The  following  tabu¬ 
lation  can  then  be  made:  .  • 


4> 

Degrees 

r 

V 

6.17 

170.0 

1  .228 
1.134 

3.H5 

-2.546 

Hence,  from  Equation  [17] 

and  from  Equation  [153 

T  =  361  x  =  36l  x  =  391  P°unds 
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Figure  6  -  Graphical  Solution  of  Equations  for  Example  8 
PARAVANE  WITH  AN  INHAUL  LINE 

Suppose  a  paravane  is  being  streamed  at  10  knots  with  a  towline  200 
feet  in  length  and  ll/l6  inch  in  diameter.  Suppose  the  lift  L  of  the  paravane 
in  the  plane  of  the  cable  is  6000  pounds  and  the  drag  D  is  2000  pounds.  Sup¬ 
pose  further  that  a  standard  inhaul  line  3/4  inch  in  diameter  is  attached  to 
the  paravane.  It  will  be  assumed  that  the  11/1 6-inch  towline  is  attached  to 
the  forefoot  of  the  ship  at  a  depth  of  25  feet  and  that  the  3/4-inch  inhaul 
line  is  attached  at  a  point  120  feet  aft  of  the  bow,  35  feet  above  the  water¬ 
line  and  35  feet  athwartships  from  the  centerline  of  the  vessel.  Suppose  the 
paravane  Is  being  streamed  at  a  depth  of  35  feet.  The  arrangement  of  the  par¬ 
avane  and  inhaul  line  is  sketched  in  Figure  7- 

It  is  desired  to  find  the  effect  of  various  lengths  of  the  inhaul  , 
line  upon  the  position  of  the  paravane. 

The  method  of  successive  approximations  will  be  used.  First  the 
position  of  the  paravane  without  the  inhaul  line  will  be  computed.  The  lift 
and  drag  effect  of  an  inhaul  line  acting  at  this  position  will  then  be  deter¬ 
mined  and  applied  as  a  correction  to  the  lift  and  drag  of  the  paravane.  The 
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corrected  lift  and  drag  values  will  then  be  used  to  compute  a  second  approxi¬ 
mation  to  the  position  of  the  paravane.  If  the  corrections  are  small,  the 
second  approximation  will  usually  be  sufficient .  A  value  of  R  =  25  pounds 
per  foot  will  be  assumed  in  the  calculation  for  both  the  towline  and  inhaul 
line. 


, PARAVANE  WITHOUT -IMHAOL  LINE 

The  tension  and  angle  of  the  towing  cable  at  the  paravane  are 


Hence 


T0  =  VL2  +  Dz  -  /{6000)2  +  (2000  )2  =  6525  pounds 
4>0  =  tan’1^-  =  71  .6  degrees 

¥  «  256j25°°  =  °*790 


Also,  from  Table  1,  corresponding  to  4> 


o» 


r0  «=  1.007,  «0  -  0.0542,  n0  -  0.328, 


<r„  «  0.334 


Hence,  from  Equation  [l8], 

<r  =  <r0  +  r0  ~  =  0.334  +  1.007  x  0.790  *=  1,130. 

0 

Prom  Table  1  the  values  corresponding  to  this  value  of  a  are 

r  <=  1.025,  4  =  0.506,  t]  =  0.971,  <t>  ~  4l  .9  degrees 

* 

Hence,  from  Equations  [16}  and  [17] 


*  R  ro 

„*b^l  JUJa 

y  R  rn 


0.506  -  0.054 
1  .007 


113.5  feet 


0.971  -  Q.?g8  „  l6l  5 
1.007  101,5 


V  “  R  To  -  25  T700? 

where  y'  is  measured  in  the  plane  of  the  towline.  Prom  Figure  7  the  angle  a 
of  the  plane  of  the  towline  with  the  horizontal  is 

a  -  sin-1  =  3.6  degrees 

Hence  the  horizontal  projection  of  y'  is 

y  =  161 .5  cosa  =  l6l  .2  feet 


EFFECT  OF  INHAUL  LINE 

From  the  preliminary  calculation  for  the  paravane  alone  the  down¬ 
stream  distance  of  ?!  and  P2  is 

X=  120.0  -  113.5  =  6.5  feet 

Also  from  Figure  7  the  lateral  distance  between  P,  and  P2  in  the  plane  of  the 
inhaul  line  is 

Y  =  |/(i6l  .2  -  35 )2  +  (35  +  35 )2  **  144.-3  feet 

Let  x  and  y  be  the  downstream  and  lateral  distances  from  P}  to  P8, 
the  intersection  of  the  inhaul  line  with  the  water  surface.  Then,  since  Pj 
and  P2  are  at  equal  but  opposite  distances  from  the  water  surface,  y  = 

(1/2 )F  *=  72.2  feet.  Let  0O  and  <f>  be  the  angles  of  the  cable  with  the  direc¬ 
tion  of  motion  at  Pj  and  P3,  and  s  the  length  of  cable  from  Pj  to  P3. 

From  Figure  8,  recalling  that  z  Is  negative  in  the  downstream  di¬ 
rection  from  Pj, 

6.5  +  x  *=  -  72.2  cot  0 


S  -  S  e  72.2  CSC  <f> 
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where  S  is  the  total  length  of  the  in¬ 
haul  line.  Hence 


x 

y 


-  6.5 
TFTT 


cot^  =  -  0.0901  -  cot0 

0.01385s  -  csc<fr 
Hence,  from  Equations  [24]  and  [27] 
A-Jft  . 


A 

y 


V~V0 


0~  On 


0.0901  -  cot  0  [33] 


=  0.01385S  -  esc  $  [34] 


Figure  8  -  Principal  Dimensions 
in  Plane  of  Inhaul  Line* 


v~  v0 

From  Equations  [33]  and  [34]  values  of 
<t>  and  <t>0  can  be  determined  for  various 
values  of  S.  For,  by  assuming  a  value 
for  <{>,  <f>0  can  be  determined  from  Equa¬ 
tion  [33].  Entering  the  values  of  <f>  and  <j>0  in  Equation  [34],  S  is  determined. 

To  illustrate  the  procedure,  suppose  <j>  -  30  degrees.  Then  cot  <j>  = 
1.732,  and  from  Table  1,  r=  1.039,  4  =  1.024,  tj  =  1.340,  a  ■  1.766.  Hence 
Equation  [33]  may  be  written 


4  -  1.024 

Vo  -  1.340 


1.822 


the  equation  of  a  straight  line,  so  that  a  graphical  solution  for  is  given 
by  the  intersection  of  this  line  with  the  {£,77)  curve  in  Figure  5.  The  solu¬ 
tion  is  <t>0  ='173.7, 

40  =  9-13,  v0  =  -  3.10 

and  hence,  also  from  Table  1 ,  crg  =  -10.10,  r0  =  1.224.  These  values  can  now 
be  entered  into  Equation  [34]  to  determine  S.  We  obtain 


S  =  ?2-2  (tH +  2*00)  =  358  feet 

* 

The  forces  due  to  the  inhaul  line  can  now  be  computed.  From  Equations  [15] 
and  [17] 


and 


V  -  V0 


25  x  72.2  x  1.224 
1  .340  +  3.10 


=  498  pounds 


T  =  T0  ~  =  498  x  =  422  pounds 


2? 


The  force  components  at  the  paravane  are 
T6  cos  <f>0  =  495  pounds 

,  ,  T0  sin  <(i0  -  55  pounds 

Prom  Figure  1,  the  angle  0  of  the  plane  of  the  inhaul  line  with  the  horizontal 
is  /?  e  sin'1  70/144.3  =  29*0  degrees.  Hence  the  angle  between  the  planes  of 
the  towllne  and  inhaul  lines  is  0  -  a  =  25.4  degrees,  so  that  the  projection 
of  the  lateral  force  due  to'  the  inhaul  line  in  the  plane  of  the  towline  is 

r0sin^0cos  (/?  -  a)  *  55  x  0.903  *=  50  pounds 


SECOND  APPROXIMATION 

Adding  the  forces  due  to  the  inhaul  line  to  the  lift  and  drag  of 
the  paravane,  the  tension  and  angle  of  the  towing  cable  at  P/are 

T0  »  /{5950)2  +  (2495 f  =  6452  pounds 

«  tan-1  =  67.25  degrees 
Hence,  from  Table  1 ,  corresponding  to 

T0  *  1  .009,  «0  =  0.0849,  n0  =  0.410,  a0  =  0.422 


Jis  25  x  200 


0.775 


Then,  from  Equation  [1 8] 


a  *  0.422  +  1.009  x  0.775  -  1.204 


Then,  from  Table  1 


<t>  -  4o.l  degrees,  r  =  1.027,  £  =  0.5^3,  >7  B  1.021 
Hence-,  from  Equations  [16]  and  [17] 


„  «  6452  1 .021  -  0.410  „  156  f  , 
y  25  1 .009  5  z 


The  lift  and  drag  components  due  to  the  inhail  line  at  the  paravane 
are  shown  for  various  lengths  of  the  inhaul  line  in  Figure  9.  By  applying 
these  forces  as  corrections  to  the  lift  and  drag  of  the  paravane,  the  posi¬ 
tion  of  the  paravane  was  computed  for  various  lengths  of  the  inhaul  line. 

The  results  are  plotted  in  Figure  10.  It  is  seen  that  there  is  little  im¬ 
provement  in  the  position  of  the  paravane  by  paying  out  more  than  300  feet 
of  inhaul  line. 


3  §00 


£  400 


3  200 


0  100  200  300  400  500  600  700  800 

Length  of  Inhaul  Line  in  feet 

Figure  9  -  Lift  and  Drag  Effect  of  Inhaul  Line  on  Paravane, 
for  Various  Lengths  of  the  Inhaul  Line 
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with  Various  Lengths  of  Inhaul  Line 
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GENERAL  RECOMMENDATION  . 

The  foregoing  calculations  apply  to  one  assumed  but  typical  example. 
It  can  be  stated  in  general,  however,  that  the  position  of  the  paravane  is 
insensitive  to  small  changes  in  length  of  the  inhaul  line  beyond  a  certain 
length.  The  basic  reason  for  this  is  that  the  tension  in  the  inhaul  line  is 
a  minimum 'when  its  submerged  length  is  about  five  times  its  submerged  spread, 
as  is  Indicated  by  Figure  4. 

In  the  numerical  example  the  length  of  the  towing  line  w,as  200  feet 
and  a  300-foot  length  of  inhaul  line  was  recommended.  Because  of  the  insen¬ 
sitivity  of  the  paravane  to  its  inhaul  line,  it  is  proposed  that  this  result 
be  generalized  into  the  following  simple  rule: 

The  length  of  the  inhaul  line  should  be  50  per  cent  greater  than  the  length  of  the  towing 
line  for  a  paravane. 

SUMMARY 

Solutions  to  problems  in  which  the 
lected  are  given  by  the  equations 

JT  _  jr 
To  ro 

E*  «  JLzIl 

T0  r0 

■  El  =  i  ~ 

To  To 

and 

Rs  a  -  g0 

1  To  To 

where  the  functions  t,  £,  r ?,  and  a  are  tabulated  in  Table  1,  as  functions  of 

The  variables  occurring  in  these  equations  are  T,  T0,  R,  x,  y,  s,  <t> 
and  4>0  defined  on  pages  3  and  4  and  Figure  1.  As  was  illustrated  by  the  ex¬ 
amples,  a  problem  is  determined  when  4  independent  relations  between  these 
variables  are  prescribed.  To  obtain  a‘  solution  the  essential  part  of  the 
procedure  consists  of  setting  up  equations  in  the  functions  t,  f,  r ?,  and  a 
for  determining  <t>  and  <£0.  In  the  most  general  case,  when  neither  4>  nor  is 
prescribed,  two  independent  equations  are  required. 

The  equations  for  4>  and  <f>0  can  be  solved  in  all  cases  by  successive 
tabulation  and  interpolation.  For  the  special  but  important  problems  in 
which  one  or  more  ratios  of  the  linear  variables  x,  y,  and  s  are  involved,  a 


weight  of  a  cable  can  be  neg- 

[151 

116} 

[173 

[183 
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.rapid  graphical  solution,  involving  the  intersection  of  a  straight  line  with 
the  curves  of  Figure  5, is  available.  Graphical  methods  may  be  used,  in  gen¬ 
eral,  to  solve  two  equations  in  4>  and  0O  by  obtaining  the  intersection  of  the 
curves  of  <t>  against  <j>0,  one  from  each  of  the  equations. 

Figures  2  and  3  give  a  rapid  graphical  solution  to  problems  in 
.which  the  polar  diagram,  i.e.,  the  lift-drag  curve,  of  a  towed  body  is  given 
and  it  is  required  to  find  the  corresponding  values  of  the  depth  y  and  the 
downstream  displacement  x.  Figure  4  gives  a  rapid  graphical  solution  for  the 
tension  in  a  loop  v-  cable  when  the  relative  positions  of  the  end  points  are 
given. 

It  is  recommended  for  the  usual  arrangement  ox'  a  paravane  with  an 
inhaul  line  that  the  length  of  the  inhaul  line  should  be  50  per  cent  greater 
than  that  of  the  towing  line. 
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APPENDIX 


EVALUATION  OF  THE  CABLE  FUNCTIONS  *  AND  T) 

If  the  transformation  u  =  cot  <f>  is  introduced,  Equations  [11],  [12] 

and  [13]  become  .  , 

* 

F 


T  —  0 


M  TTU 


f  ueH  d 

*  "  i  VTTu 


H  du 
2 


155] 

[36] 


and 


U  4'u 


f  eR  di 

’’-JvTTT 


du_ 

T 


Put 


r  _  f  U*du 

~  J  pTTu5 


[37] 


138] 


Then,  expanding  the  exponential  factor  in  the  integrands. 


*  ZL  „!  %+I 


n  =  0 


/  (¥ , 

v  =  Z,  — 


n  =  0 


n! 


[39] 


[40] 


To  evaluate  Jn,  Equation  [38]  becomes,  on  integrating  by  parts, 

V 

Jn  —  u"  1  Kl  +  u2  -  ( »  -  1)  J  w*  2  Vl  +  u*  du 

0 

—  w*  1  V'l  +  w4  —  (n  —  1)(J„  +  J„_2) 


or 


But 


nJ„  =  u"  Vl  +  u2  —  (n  —  1)  J, 


n  —  2 


j0~  f  =  in  (w  +  n + w2  > =  in 


cot 


* 


[41] 


[42] 
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Ji  =  J  88  *4  +  «2  -  1  -  csc^  -  1  [43] 

'■  o 

* 

Equation  [41]  is  a  recurrence  formula  by  means  of  which  the  J1 s  can 
be  successively 'computed  from  Equations  [42]  and  [43].  Thus 

2 J2  =  ucsc0  —  In  cot-— 

'  i  “  / 

3  J3  =  (u2  —  2)  esc  d*  +  2 
4  J4  =  [v.8  -  ttj  esc  <(>  +  -|-  In  cot  y 

5JS  =  ( u 4  —  ^  u2  +  -|-)cscd  -  J-  »  etc- 

The  values  of  $  and  rj  in  Table  1  were  computed  from  Equations  [391 
and  [40]  for  values  of  <t>  from  5  to  90  degrees.  This  method  was  not  used  for 

smaller  values  of  <f>  since  the  number  of  terms  in  the  series  becomes  excessive 

Evaluation  of  £  and  ij  when  cot  ^  »  1 . 

Suppose  u  >  u j  »  1  and  put  =  £{uj)*  nx  ~  >7 (« i ) *  Then,  expand¬ 
ing  (1  +  w2)‘2into  a  power  series  in  l/t t,  Equations  [36]  and  [37]  niay  be 

written 


and 


Put 
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and 
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the  series  becomes 
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To  evaluate  ln,  integrate 


But  . 


or 


(n  -  l)/„  *  /n-i 


V 


\ 

7t  =  Ei  v  —  Ei  vl 


[48] 


149] 


where  Ei  v  (5)  Is  the  exponential  integral  function  for  which  accurate  tables 
(6)  are  available.  The  values  of  /„  can  then  be  computed  successively  from 
the  recurrence  formula  [48].  Thus  - 


The. values  of  $  and  tj  in  Table  1  were  computed  from  Equations  [46] 
and  [47],  taking  for  u,  and  iij  the  values  corresponding  to  (f>1  -  5  degrees. 
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